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Abstract
This paper presents a morphological image processing operation for hexagonally sampled
images and proposes a new edge detection method for these images by using a grayscale
morphology. This is achieved by applying morphological gradient operators and multiscale tophat transformations (white and black top-hat transformations) to hexagonal images. The proposed
study includes a method for converting hexagonally sampled images as well as the processing
and subsequent display of images on a hexagonal grid. Performance evaluation were performed
to assess the proposed method. The proposed study shows that a method of edge enhancement
by applying three by three hexagonal structuring element achieves results superior to those of a
rectangular images. The results indicated that the proposed edge detection algorithms improved
substantially after implementation of the edge enhancement method.
Keywords: Hexagonal Grid, Mathematical Morphology, Top-hat Transform, Edge Detection.

1. INTRODUCTION
Edge detection and enhancement [1, 2] are essential procedures in the fields of image
processing, computer vision, robotics, and automation. Several techniques are used for edge
detection. Amongst these techniques, morphological image processing is a conventional
approach. However, the success of edge detection relies heavily on the shape of the object in an
image. Morphological gradient often performs poorly when applied to rectangular image curved
objects. To overcome this limitation, high-resolution grids are frequently used; however, using
high-resolution images is expensive and reduces computational performance. Sampling on a
hexagonal lattice is an alternative solution for overcoming this difficulty [3, 4]. Hexagonal image
processing provides decreased storage and computation time, increased coding efficiency, less
quantisation error, the property of equidistance, and consistent connectivity [5]. In addition, the
sampling efficiency of a hexagonal lattice exceeds that of a rectangular lattice [6], and hexagonal
images have been determined to be more aesthetically pleasing to the human eye. Recently,
many companies have introduced image acquisition and display devices which use increased
numbers of rectangular pixels per inch. These devices require additional computational power
and storage capacity. Some applications, such as real-time monitoring programmes, require the
use of low-resolution imaging to save computational power and storage. Hexagonal grid systems
are an effective alternative for solving these problems. The main obstacle limiting the use of
hexagonal images has been the lack of hardware for capturing and displaying hexagonal-gridbased images [5]. To overcome this obstacle, a resampling method [6-9] has been developed to
convert rectangular grid images to hexagonal counterparts. This method is based on image
resampling to generate a hexagonally sampled image from a traditional rectangular grid image.
A detailed overview of morphological operations such as dilation, erosion, opening, and closing is
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provided in [10]. In addition, a morphological edge detection algorithm was proposed therein to
detect the edges of lung computed tomography images with salt-and-pepper noise [11]. The
method is based on a combination of dilation, erosion, opening, and closing; dilation and erosion
are employed to detect edges, and opening-closing operations are used as preprocessing
procedures to eliminate noise. In recent studies, morphological edge detection has been
proposed and compared with Prewitt, Laplacian of Gaussian, and Canny edge operators [12, 13].
Moreover, multiscale top-hat transformations [14, 15] based on structuring elements (SEs) have
been constructed for various applications.
Hexagonal image processing is as old as image processing itself but sufficient research has been
lacking because the availability of hexagonal pixel display devices is limited. In this paper, an
edge detection method that involves applying a grayscale morphology to hexagonally sampled
images is proposed to alleviate this problem. The proposed edge detection and enhancement
method entails converting rectangular grid images into hexagonal grid image and is suitable and
convenient for traditional display devices.
This guideline is used for all journals. These are the manuscript preparation guidelines used as a
standard template for all journal submissions. Author must follow these instructions while
preparing/modifying these guidelines. This guideline is used for all journals. This guideline is used
for all journals. These are the manuscript preparation guidelines used as a standard template for
all journal submissions. Author must follow these instructions while preparing/modifying these
guidelines. This guideline is used for all journals.

2. RESEARCH OBJECTIVES
This paper proposes a design framework to overcome the limitations of edge detection by using
rectangular grid imaging. In our framework, a morphological gradient operator and multiscale tophat transformations to hexagonally sampled images are applied. To exploit the advantages of
hexagonal images for broader applications, this study developed an efficient method for detecting
edges by using a grayscale morphological operator. Our objectives are summarized as follows:
 To provide a comprehensive guideline of hexagonally sampled images converted from
rectangular images, and the processing and display of images on hexagonal grids. Image
processing involves applying grayscale morphological operations to hexagonal
counterparts to detect edges; specifically, morphological gradient operators are to detect
edges and multiscale top-hat transformations are employed to enhance edge detection
performance.
 To develop multiscale SEs with various sizes for hexagonally sampled images and then
select the better structuring element for use in the proposed method.
 To evaluate the performance of the proposed algorithm by using qualitative comparison
and the linear index of fuzziness.

3. BACKGROUND
3.1 Morphological Image Processing
Mathematical morphology is an approach for extracting geometrical features from signals based
on set theory [10]. Morphological edge detection [16] has generally been performed using SEs
[17, 18]. The most basic morphological operations are dilation and erosion. Grayscale erosion
and dilation produce results identical to those of nonlinear minimum and maximum filters. The
general effects of performing dilation on a grayscale image are that the output image tends to be
brighter than the input, and dark details are reduced. The dilation and erosion of grayscale image
A by SE B is shown as follows:

( A  B)(s, t )  max{ f (s  x, t  y)  B( x, y) | (s  x), (t  y)  DA ; ( x, y)  D B },

(1)

( AB)(s, t )  min{ f (s  x, t  y)  B( x, y) | (s  x), (t  y)  DA; ( x, y)  DB },
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3.2 Hexagonal Image Processing
A rectangular grid of sampling points and pixels is shown in Figure 1(a). Several types of
sampling scheme were listed by Whitehouse 19. Figures 1(b, c) show hexagonally sampled
image, which are characterized by the hexagonal tiling. Hexagonal grids have numerous
advantages in many applications, e.g., robot vision [20], deep-space imaging [21], image
processing. For a morphological operator, a 3 by 3 SE is the closest fit for a circular SE in a
rectangular grid image. However, the use of such an element to erode curved objects can
introduce unwanted discontinuities. This is because the elements within the SE are at different
distances from the center. The consistent connectivity of pixels in hexagonal images is an
attractive feature which improves circular SE definition, as shown in Figure 2. Moreover,
computation of a neighborhood is simple in a hexagonal lattice, as shown in Figure 3.

FIGURE 1: Image tiling: (a) square grid; (b) hexagonal grid with hexagonal tiles; (c) hexagonal grid with
rectangular tiles.

FIGURE 2: Distance in a square grid & hexagonal grid.

FIGURE 3: Neighborhood relationships.

4. METHODOLOGY
The current study was divided into three phases as depicted in Figure 4. We first used an image
resampling method to convert the grid of an image from rectangular to hexagonal one and then
performed edge detection by using the morphological gradient method. Edges were enhanced by
applying multiscale top-hat transformations. Finally, performance evaluation algorithms were
employed to assess the results of the proposed methods. We converted rectangular grid image to
hexagonal grid by using simulated hexagonal grid method. Simulated hexagonal grid can be
created through clusters of rectangular sub-pixels. Many rectangular grids can be combined
together to create clusters of sub-pixels (as shown in Figure 5). For example, d = 7; is composed
of 120 rectangular grids to create one hexagonal pixel. A cluster of sub-pixels will closely
resemble the shape of hexagon. D7 simulated hexagonal conversion method performed better
than others. The geometric properties of D7 hexagonal pixel are similar to hexagon shape and it
showed equivalent inter-pixel distance and smooth curved edges. Moreover, rectangular grid may
perform well only for horizontal and vertical direction. Proposed D7 hexagonal grid performed not
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only for horizontal and vertical lines but also oblique edges. The research methodology can be
summarized as follows:
Step 01: Image resampling is conducted to convert rectangular grid input images into hexagonally
sampled images.
Step 02: Several SEs of various sizes are used in dilation and erosion.
Step 03: Edges are detected by calculating the differences between the dilated and eroded
images of all SEs and then choosing the better SE.
Step 04: Detected edges are enhanced by applying multiscale top-hat transformations.
Step 05: Performance evaluation is conducted using QC and the index of fuzziness.

FIGURE 4: System diagram for performing image processing on a hexagonally sampled grid.

FIGURE 5: Simulated hexagonal grid.

4.1 Resampling (Square to Hexagonal)
In this study, we employed a simulated hexagonal grid to convert the sampling of images from
rectangular to hexagonal. A simulated hexagonal grid can be created using clusters of
rectangular subpixels5, which are created by combining several rectangular grids, as shown in
Figure 5. For example, the D7 method entails combining 120 rectangular grids to create one
hexagonal pixel. In this resampling method, a cluster of subpixels closely resembles a hexagon.
Each simulated hexagonal pixel is formed by 120 sub-pixels arranged. The light intensity of each

International Journal of Image Processing (IJIP), Volume (10) : Issue (4) : 2016

164

Kazi Mostafa & Innchyn Her

constructed hexagonal pixel can be easily computed as the average of the intensities of the 120
sub-pixels forming the hexagonal pixel. Hence, the number of hexagonal pixels is less than the
number of square pixels to cover the same image. From the observation result obtained, it is
claimed that fewer sampling points (or pixels) are required with a hexagonal structure to maintain
equal amount of image information (or the same image resolution) with the traditional square
structure. The hexagonal pixels constructed in the way above will not lose image resolution.
Following the resampling procedure, of which the result is shown in Figure 6(b), the dimensions
were 512 × 512. A small portion of the enlarged view was added at the right side of the standard
test image Lena to highlight the rectangular and hexagonal grids. To increase the computation
speed, we converted these dimensions to 256 × 256. We applied sub pixel-size and D7 method
to generate hexagonal pixels to obtain the corresponding intensity values of a simulated
hexagonal grid.

FIGURE 6: Image resampling (a) rectangular grid image (b) hexagonal grid image (512 by 512).

FIGURE 7: Symmetrical hexagonal coordinate frame.

However, hexagonal pixels cannot be labelled in a normal column-row order as in a rectangular
grid. To properly address and store the hexagonal image data, we applied symmetrical
coordinate systems 7. A three-coordinate system was developed to represent hexagonal data. As
shown in Figure 7, the system uses a three-tuple to represent the displacement from each of the
major axes of the hexagon. The three coordinates are x = 0, y = 0, and z = 0.
4.2 Hexagonal Structuring Elements
After image conversion, the application of morphological operations to hexagonal images to
detect edges was conducted. The performance of the morphological operation depends heavily
on the size and shape of the SE. When certain SEs are used, erosion and dilation can be
achieved more rapidly and with more favourable results. In this paper, four (3 × 3, 5 × 5, 7 × 7
and 9 × 9) new hexagonal grid SEs are proposed to detect and enhance edges in hexagonally
sampled images, as shown in Figure 8.
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FIGURE 8: Proposed structuring elements.

4.3 Hexagonal Grayscale Morphological Operator
The most basic morphological image processing operations are dilation and erosion. Grayscale
erosion and dilation produce results identical to those of nonlinear minimum and maximum filters.
This study presents grayscale dilation and erosion on hexagonally sampled images, as shown in
Figure 9. Grayscale dilation and erosion were achieved by applying four new hexagonal SEs (3 ×
3, 5 × 5, 7 × 7, 9 × 9) to dilate and erode standard test images (Lena, Barbara, Pepper). Figures
10 and 11 show 3 × 3 and 5 × 5 hexagonal SE operations applied to the Lena test image. After
dilation and erosion, closing and opening, which are sequential combinations of dilation and
erosion, were performed by using aforementioned hexagonal SEs.

FIGURE 9: Dilation and Erosion on hexagonal image.

FIGURE 10: Dilated image (a) 3x3 SE, (b) 5x5 SE.
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FIGURE 11: Eroded Image (a) 3x3 SE (b) 5x5 SE.

Conventional mathematical morphology entails implementing single-scale analysis. A fixed SE is
used based on prior knowledge. However, prior knowledge is not always available for some
applications. Thus, multiscale morphological analysis [22] seems to be more favourable than
single-scale analysis. Multiscale morphology can be implemented by using hexagonal SEs with
various scales. Let n (n= 1, 2, …. nmax) be the scale and B be the unit SE. Thus, the SE used at
scale n can be defined as:

nB  B
B
B



B,

B



n1times

(2)

where B is the SE and n is the number of operations.
Dilation and erosion can then be obtained:
Multiscale Dilation = A⊕nB, and Multiscale Erosion = AΘnB,
where A is the input image, B is the SE, and n is the number of operations.
Correspondingly, opening and closing are considered extensions of basic dilation and erosion
operations. Opening consists of erosion followed by dilation. Closing is dilation followed by
erosion. Multiscale opening and closing can be denoted by:
Multiscale Opening = AonB= (AΘnB)⊕nB,
Multiscale Closing = A●nB= (A⊕nB)ΘnB,

(3)

4.4 Edge Detection (Morphological Gradient)
A morphological gradient is the difference between the dilation and the erosion of a given image.
The most basic morphological gradient operator is shown as follows:
Edge = (A⊕B) – (AΘB),
(4)
A few more operators based on the most basic operator are available; for example,
Edge = (A●B) – (AoB),

(5)

Multiscale morphological gradient operators at scale n can be defined as the differences between
dilation and erosion or between closing and opening:
Multiscale Gradient = (A⊕nB) – (AΘnB),
(6)
Multiscale Gradient = (A●nB) – (AonB),
After dilation, erosion, opening, and closing, the proposed method involves detecting edges by
applying a morphological gradient operator to a hexagonal image. The Lena test image was
dilated and eroded by applying 3 × 3, 5 × 5, 7 × 7, and 9 × 9 hexagonal SEs. The eroded image
was then subtracted from the dilated image. The transformed Lena, Barbara, and Pepper images
exhibited numerous edges, as shown in Figures 12, 13, 14, and 15.
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FIGURE 12: Edge image by using hexagonal morphological gradient operator (Lena) (a) 3x3; (b) 5x5.

FIGURE 13: Edge image by using hexagonal morphological gradient operator (Pepper) (a) 3x3; (b) 5x5.

FIGURE 14: Edge image by using hexagonal morphological gradient operator (Barbara) (a) 3x3(b) 5x5.

FIGURE 15: Multiscale hexagonal morphological gradient 3x3 SE (Lena) (a) n=1(b) n=2(c) n=3(d) n=4.

4.5 Edge Enhancement (Top-Hat Transformation)
To enhance the edges detected from single- and multiscale morphological gradient operations, a
multiscale top-hat transformation algorithm is used. Recently, multiscale theory has become an
attractive option for image processing [23, 24]. Based on opening and closing, the classical tophat transformation defined [10] by White (WTH) entails computing the morphological opening of
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an image and then subtracting the result from the original image. The WTH transformation returns
elements that are smaller than the SEs and brighter than their surroundings. The black top-hat
(BTH) transformation involves subtracting the original image from morphological closing results.
Thus, top-hat transformations using multiscale hexagonal SEs [14, 15] yield a better output. The
WTH and BTH of gray image

by applying SE

are defined as follows:
(7)
,

where
⊕ are erosion and dilation operations, respectively, and B is a multiscale hexagonal
SE with various sizes (3 × 3, 5 × 5, 7 × 7 and 9 × 9). According to the formula presented
previously, light and dark image regions yield the highest gray values. Therefore, they can be
defined as follows:
MW = max (WTH1, WTH2, … , WTHm),

(8)

MB = max (BTH1, BTH2, … , BTHm),
where m is the size of hexagonal SEs (e.g., m1 is a 3 × 3 SE, m2 is a 5 × 5 SE, m3 is a 7 × 7
SE, and m4 is a 9 × 9 SE). Thus, edge can be enhanced as follows:
Enhanced Edges = (Original Image x W1) + (MW x W2) – (M B x W3),

(9)

where W1, W2, W3 are the weights for adjusting the results for various applications. Using a low
W1 and high W2 and W3 brightens the light regions. Thus, we set W1 = 1 and W2 and W3 = 3.
The edge enhancement formula is applied to edges detected from a single-scale morphological
gradient, as shown in Figures 12, 13, and 14. Enhanced edges are shown in Figures 16 and 17.

FIGURE 16: Enhanced edges after applying top-hat transform; (a) 3x3(b) 5x5.

FIGURE 17: Enhanced edges after applying top-hat transform (3x3 SE); (a) Pepper (b) Barbara.
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5. PERFORMANCE EVALUATION
Two performance evaluation measures, namely the linear index of fuzziness [25] was applied to
assess the results of the proposed method. The index of fuzziness was used to quantitatively
assess the performance of the proposed algorithm. The linear index of fuzziness is based on
spatial domain analysis and is defined as:
;

(10)

where fxy and fmax represent the gray value of the pixel (x, y) and the maximum gray value of an
image with size M × N, respectively. The fuzzy property is denoted by
indicates a more desirable performance.
SE
Hexagonal
Grid

Rectangula
r
Grid

. A lower value of γ

Lena

Pepper

Barbara

Index of fuzziness

Index of fuzziness

Index of fuzziness

3x3

0.064

0.062

0.116

5x5

0.137

0.137

0.203

7x7

0.201

0.205

0.283

9x9

0.255

0.265

0.353

3x3

0.098

0.091

0.201

5x5

0.247

0.207

0.302

7x7

0.301

0.306

0.386

9x9

0.359

0.369

0.464

TABLE 1: Comparison of different HSE edge detection using morphological gradient.

The linear index of fuzziness values for the morphological gradient edge detection operators of
various SEs are listed in Table 1. Table 2 shows comparisons of the linear index of fuzziness
values amongst the test images when the proposed edge enhancement method was used. A
lower index of fuzziness value represents a more desirable result. Table 1 shows that 3 × 3
hexagonal SEs (HSEs) lower index of fuzziness. Thus, the 3 × 3 HSE was better than rectangular
counterpart. We applied the proposed edge enhancement method to the four edge images listed
in Table 1 showed in Table 2. For 3 × 3 HSE edges, the proposed method produced a lower
index of fuzziness compared with rectangular grid image. Moreover, comparing Tables 1 and 2
revealed that edge results improved after the proposed edge enhancement method was applied.
Conclusions were formulated based on the figures showing the enhanced edge images as well as
the linear index of fuzziness values. Comparing the hexagonal SE (HSE) edge detection and
enhanced edge method images clearly indicated that the proposed algorithm outperformed in
edge detection and edge enhancement. The linear index of fuzziness demonstrate that the
proposed 3 × 3 HSE method achieved the lowest index of fuzziness. A substantial difference was
observed between the hexagonal and rectangular grids. As shown in Table 1 and 2, the index of
fuzziness also indicated that the proposed method showed quantitatively favorable results. A
comparison of the two grids revealed that, overall, the edge of the proposed hexagonal method
was more continuous, well-defined and clearer.

International Journal of Image Processing (IJIP), Volume (10) : Issue (4) : 2016

170

Kazi Mostafa & Innchyn Her

Hexagonal
Grid

Rectangular
Grid

SE

Lena

Pepper

Barbara

3x3

Index of fuzziness
0.054

Index of fuzziness
0.055

Index of fuzziness
0.101

5x5

0.126

0.105

0.155

7x7

0.153

0.133

0.189

9x9

0.181

0.175

0.229

3x3

0.089

0.090

0.177

5x5

0.168

0.110

0.232

7x7

0.219

0.219

0.286

9x9

0.279

0.257

0.374

TABLE 2: Comparison of different HSE enhanced edge detection

6. CONCLUSION
Our aim was to explore hexagonal grid and compared with traditional rectangular grid. Moreover,
to see the hexagonal grid would improve the performance of edge detection method for low
resolution images. This paper presents a new edge detection and enhancement method based
on hexagonally sampled images and a grayscale morphology. Edges were first detected by
performing hexagonal morphological gradient operations. The edge enhancement method was
subsequently applied to achieve better results. In both edge detection and enhancement, 3 × 3
hexagonal SE performed the most favorably. As shown in Tables 1 and 2, a three by three
hexagonal structuring element achieves results superior to those of a rectangular image. Thus,
hexagonal rather than rectangular images can be employed in edge detection by applying
morphological operators to produce better results. The present study was designed to determine
the effectiveness of a grayscale morphology in improving hexagonal images. The proposed
method entails detecting edges by using a gray morphology and enhancing edges by using
multiscale top-hat transformations. The results indicated that the edge detection performance
improved significantly after the proposed edge enhancement method was implemented. In
conclusion, from the performance evaluation and visual comparison, we determined that
consistent and accurate gradient operators can be obtained by applying hexagonal lattices. The
results clearly showed that the hexagonal grid performed adequately for curved objects as well as
for horizontal and vertical lines.
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